The dynamics of excitons in a one-dimensional ensemble with partial spatial order are studied. During optical excitation, cold Rydberg atoms spontaneously organize into regular spatial arrangements due to their mutual interactions. This emergent lattice is used as the starting point to study resonant energy transfer triggered by driving a nS to n P transition using a microwave field. The dynamics are probed by detecting the survival probability of atoms in the nS Rydberg state. Experimental data qualitatively agree with our theoretical predictions including the mapping onto XXZ spin model in the strong-driving limit. Our results suggest that emergent Rydberg lattices provide an ideal platform to study coherent energy transfer in structured media without the need for externally imposed potentials.
I. INTRODUCTION
The investigation of far-from-equilibrium phenomena overarches the fields of physics, chemistry and biology. Systems out of equilibrium feature fascinating phenomena such as the formation of complex ordered structures in spite of a rather simple underlying microscopic description [1] . Moreover, dynamical phenomena such as resonant energy transfer are of central practical importance as they underlie many fundamental physical processes in molecular aggregates [2] , photosynthesis [3] and novel materials such as organic solar cells [4] .
Gases of cold atoms have been established in the past years as a platform which permits the detailed investigation of systems in and out of equilibrium [5] [6] [7] . Recently atoms excited to high-lying Rydberg states have become a major focus due to their strong interactions over large distances (several micrometers) and short time scales (nanoseconds) allowing to address fundamental questions in many-body physics. On the one hand the strong interactions give rise to the phenomenon of dipole blockade [8] which prevents simultaneous photo-excitation of nearby atoms. On the other hand the large dipole moments associated with electronic transitions among Rydberg states lead to fast resonant energy transfer over long distances.
Dipole blockade has been widely exploited for applications in quantum information processing [9] and quantum optics [10] [11] [12] [13] [14] [15] . In the many-body context, spatial correlations of laser-excited atoms were recently investigated theoretically in one-dimensional finite-size samples [16] [17] [18] [19] . It was found that at high atomic density the distribution of the Rydberg atoms can become highly structured leading in the extreme case to the spontaneous formation of small ordered patches consisting of a few Rydberg atoms. From the experimental side much effort has been invested to probe these spatial correlations [20] [21] [22] . In parallel, resonant energy transfer has been the focus of pioneering experiments on cold (frozen) Rydberg gases [23, 24] . Spectral broadening of Rydberg lines could be attributed to coherent electronic energy transfer between Rydberg (Color online) (a) Rydberg levels and excitation scheme. In step 1 atoms are optically excited from their electronic ground state |g to a highly-excited state |nS with effective Rabi frequency Ω Ryd . Subsequently, in step 2, a microwave field is applied that couples the |nS state to a nearby |n P level with Rabi frequency ΩMW. These states are identified as internal states of a fictitious spin-1/2 particle. (b) Quasi one-dimensional geometry of the system. The large van der Waals potential between the |nS Rydberg atoms (blue spheres) induces an exclusion volume around each excited atom characterized by the blockade radius R b larger than the transverse size of the sample. This leads to a highly structured density distribution of the Rydberg atoms after the laser excitation step. The transition dipole-dipole interaction induces a coherent spatial transfer of (n P )-excitations.
atoms. These findings have ushered further experimental [25] [26] [27] [28] as well as theoretical [29] [30] [31] [32] [33] [34] [35] [36] [37] efforts to analyze excitonic transfer processes and their consequences in cold Rydberg systems.
In this work we build on these developments and present a study of the out-of-equilibrium behavior of Rydberg gases that directly links to the above-mentioned themes of order formation and excitation transfer. We explore the electronic dynamics of a (quasi) one-dimensional Rydberg gas within a two-step protocol, see Fig. 1 . In step 1 highlying Rydberg nS-states are optically excited leading to the spontaneous emergence of a lattice of Rydberg atoms immersed in the atomic gas of ground state atoms. In the subsequent step 2 we trigger coherent excitation transfer between Rydberg atoms by the excitation of nearby Rydberg n P -states via a microwave field. We theoret-ically investigate the resulting non-equilibrium exciton dynamics through the analysis of the survival probability of atoms in the Rydberg nS-state. We show that the survival probability has a characteristic dependence on the spatial arrangement as well as on the number of Rydberg atoms and derive an effective Hamiltonian in the limit of strong microwave driving. We compare our theoretical predictions with an experiment in which the survival probability is measured through an optical readout protocol and find qualitative agreement. Our work shows the versatility of homogeneous gases of Rydberg atoms for the study of non-equilibrium processes such as coherent transport phenomena.
The paper is organized as follows: In section II we theoretically describe and investigate the spontaneous formation of lattices of Rydberg atoms upon photo-excitation from a one-dimensional finite-size atomic gas. Subsequently, we discuss the electronic dynamics when the excited atoms are coupled to a nearby Rydberg state by a microwave (section III). In particular, we illuminate on the connection between the electronic dynamics with the underlying ordering of the Rydberg atoms. Finally, in section IV we present experimental data that are obtained using a similar protocol as the one discussed in this work and find qualitative agreement between experiment and theory. Unless stated otherwise we will work in units where = 1.
II. EMERGENT LATTICE
First we introduce the framework within which we describe exciton dynamics in an emergent lattice (cf. Fig.  1 ). We consider a one-dimensional atomic gas of length L with homogeneous density ρ = N/L, where N denotes the total number of atoms and we set our quantization axis (z) along the long axis of the gas. In order to describe the electronic dynamics, we use a simplified level scheme in which each atom is modeled by using three levels: the electronic ground state |g and two dipole-coupled, highly excited states |nS and |n P with principal quantum numbers n and n and angular momentum l = 0 (S) and l = 1 (P ), respectively. The actual states used in the experiment will be discussed later.
In the first step of our protocol, atoms are optically excited from |g to |nS . The dynamics in this step are dominated by the strong van der Waals interaction between Rydberg atoms. Such interactions shift many-body states containing pairs of Rydberg atoms closer than a critical distance out of resonance. Consequently each excited atom is surrounded by a blockade volume of radius R b , within which no further Rydberg excitations are found. For our finite, one-dimensional, homogeneous system this dipole blockade mechanism restricts the maximum number of Rydberg excitations to ν max = L/R b + 1, where x denotes the closest integer smaller than x. We have assumed a sharply defined blockade volume which is justified in case of a one-dimensional system and rapidly decaying van der Waals interaction [16, 38] . The quantum state after the laser excitation (i.e., the initial state of the microwave driving) can be formally written as
(1) Here, |0 = i |g i is the Rydberg vacuum, S + i = |nS g| i is the operator that creates a Rydberg atom at position z i and k is the total momentum imposed by the excitation laser(s), where we assumek ẑ. In general, this state is highly correlated and the coefficients g
. . , z αν ) depend on the positions of all excited atoms and on time (the time label was suppressed to shorten the notation). These correlations, which dynamically build up during the laser-excitation, render a full quantum calculation of |Ψ 0 a formidable task.
However, as recently shown numerically [39] and analytically [40, 41] , for sufficiently large times the strong interactions between Rydberg atoms result in an equilibration. In this saturated regime the moduli of the coefficients g (ν) of configurations compatible with the Rydberg blockade become equal and constant in time [16] . Therefore, observables that depend only on the |g (ν) |
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, such as the Rydberg density and density-density correlations, attain a stationary value. To calculate such 'classical observables' we use a Monte Carlo method that allows us to sample arrangements of Rydberg atoms compatible with the excitation blockade. The details of the algorithm are given in Appendix A. Fig. 2 (a) shows the numerically calculated stationary Rydberg density distributions as a function of the system length L for a gas consisting of N = 10 4 atoms at fixed blockade radius and open boundary conditions. For L > R b the plot shows a highly structured density distribution with pronounced peaks at the boundaries of the gas. Whenever the system size slightly exceeds an integer multiple of the blockade radius the density distribution closely resembles a lattice of Rydberg atoms, i.e., the excited atoms are arranged in the densest packing allowed by the excitation blockade. Similar structures have also been reported in [18, 19, 38] . We emphasize however that the emergence of such seemingly ordered structures is a finite-size effect, as for one-dimensional systems with finite-range interactions spatial correlations decay exponentially with increasing distance in the thermodynamic limit [16] .
III. EXCITONIC DYNAMICS
Once the Rydberg lattice is created we trigger the excitonic dynamics by irradiating the ensemble with a microwave field (linearly polarized along the z-axis and with Rabi frequency Ω MW ) that is resonant with the |nS -|n P transition as shown in Fig. 1(a) . The corresponding transition dipole moment, µ, can reach thousands of atomic units (scaling as n 2 for n = n ). This results in a strong microwave coupling but also induces a significant resonant dipole-dipole interaction enabling excitations to be exchanged coherently between atoms, i.e., two distant Rydberg atoms swap their electronic state according to |nS i |n P j ↔ |n P i |nS j . For the particular geometry of our system this resonant dipole-dipole interaction does not couple different magnetic sub-levels and the electronic structure of each Rydberg atom reduces to that of an effective spin 1/2 particle where we identify |nS ≡ |↓ and |n P ≡ |↑ . In atomic units the interaction strength is given by V ij = (−2/3)µ 2 /|z i − z j | 3 , where z i denotes the position of the i-th Rydberg atom [30] . The Hamiltonian describing the resulting dynamics is given by
with σ ± = (σ x ± iσ y )/2 and σ x,y,z denoting the usual Pauli spin matrices.
In order to study the excitonic dynamics we analyze the survival probability, p T (Ω MW ) ≡ | Ψ 0 |e −iHT |Ψ 0 | 2 , of the state |Ψ 0 . The motivation behind choosing this quantity stems from the fact that p T (Ω MW ) is accessible experimentally, as has been shown recently [28] , and that its rich dynamical behavior reveals interesting insights into the physics of the driven exciton system. Following Ref. [28] we numerically determine p T (Ω MW ) for varying strength of the microwave coupling and in addition as a function of the system length for fixed time T and blockade radius R b . The results are summarized in Fig. 2(b) , where the dipole-dipole interaction strength is chosen such that for two atoms separated by the blockade radius V (R b )T = 15. Additionally, we present cuts through these data for three selected values of the system length in Fig.  2(c) . The survival probability exhibits a rich structure as L and Ω MW are varied which, in particular, is clearly correlated to the distribution of Rydberg atoms shown in panel (a). This is most apparent when the system length is close to an integer multiple of the blockade radius, i.e., when an additional Rydberg atom can "fit" into the system. Here, the change in the Rydberg density distribution becomes strikingly visible through a phase jump in the survival probability pattern.
Beyond this global feature, each cut of p T (Ω MW ), taken at a fixed system length L, exhibits three distinct regimes as a function of the microwave Rabi frequency [cf. panels of Fig. 2(c) ]. For very small Ω MW the dynamics is dominated by excitonic energy transfer induced by the dipole-dipole interaction. The system can then be regarded as a number of exciton bands that are weakly coupled by the microwave field. Here, p T (Ω MW ) decreases monotonically with increasing Ω MW . When the microwave Rabi frequency becomes comparable to the mean dipole-dipole energy, V , the survival probability exhibits a rather intricate pattern. Here, as well as in the previous regime the exact details of p T (Ω MW ) are very sensitive to the particular distribution of the Rydberg atoms [cf. Fig. 2 (a) and (b) ]. This sensitivity is caused by the distance-dependence of the dipole-dipole interaction, which essentially probes the pair distribution function R (2) (z, z ) of the Rydberg gas. To see this one can use the formal expression (1) for |Ψ 0 to express the survival probability. The resulting expression depends on the distributions ρ (ν) (z 1 , . . . , z ν ) = |g (ν) (z 1 , . . . , z ν )| 2 in each particle number subspace, which together determine the pair distribution function through
Since the interaction potential has a strong nonlinear dependence on the inter-particle distance even small differences in R (2) (z, z ) lead to a significantly modified statistical distribution
of the dipole-dipole interaction energy V as shown in the insets of the panels in Fig. 2(c) . Finally, for Ω MW V the survival probability shows regular oscillations. Most interestingly, as a general trend the amplitude of these oscillations decreases with increasing number of Rydberg atoms in the gas [cf. rightmost part of Fig. 2(b) ]. This effect seems counterintuitive as for Ω MW / V 1 one might expect to enter a noninteracting regime in which the microwave drives coherent oscillations between the single atom states |nS and |n P . This would always lead to oscillation of p T (Ω MW ) with full contrast. However this is a misconception as even for Ω MW / V 1 interactions still play a significant role. This can be understood by deriving the effective Hamiltonian in the limit V ij Ω MW , starting from eq. (2). To this end, we rotate the spin basis via a unitary transformation U = j U j with U j = exp(iπσ y j /4), which diagonalizes the single-body part of H. In the transformed Hamiltonian U HU † we neglect non-resonant terms of the form σ 
This Hamiltonian consists of two commuting parts and thus the microwave driving and the residual dipole-dipole interaction can be treated independently. This shows that no matter how strong Ω MW there will always be a nontrivial excitonic dynamics. To illustrate this further let us assume that we are in a regime where the number of Rydberg atoms ν Ryd is integer and hence not fluctuating, as e.g. shown in the middle panel of Fig. 2(c) . The survival amplitude can now be expressed in terms of a Fourier series, Ψ 0 |e −iH eff T |Ψ 0 = B(T )+2 Hence, in this case the survival probability is exactly zero when Ω MW T /π is an odd integer, which is clearly visible in the middle panel of Fig. 2(c) . Note, that in general only if V ij = 0 the Fourier series can be summed analytically and one consequently obtains the familiar expression for Rabi oscillations of non-interacting particles
IV. EXPERIMENT
We will now conclude with a qualitative comparison of our theoretical results with experimental data. Full details of the experiment can be found in reference [28] . In brief, laser-cooled 87 Rb atoms are loaded into an optical dipole trap forming an elongated cloud with w z ≈ 20 µm and w r ≈ 0.8 µm, where w is the standard deviation of the density distribution. Rydberg 60S 1/2 -states are excited with a two-photon transition via the intermediate 5P 3/2 -state (see Fig. 3 ). For the experimental parameters the blockade radius is R b ≈ 7 µm w r and hence the setup is quasi-one-dimensional as illustrated in Fig. 1(b) . The optical excitation fields are applied for a sufficiently long time that saturation is reached (see right inset of Fig.  3 and corresponding caption) . This corresponds to step 1, i.e. the preparation of the emergent lattice. Subsequently, the lasers are switched off and a microwave field (step 2, driving the exciton dynamics), couples the states 60S 1/2 and |59P 3/2 , for a time T = 150 ns. After step 2 the Rydberg excitations in state 60S 1/2 are converted into photons by switching on the control field, see [28] . The resulting photon-retrieval probability, P, is proportional to the survival probability p T (Ω MW ) [28] and plotted in Fig. 3 as a function of the microwave Rabi frequency, Ω MW .
Remarkably, this data shows qualitatively the same features as the discussed theoretical model, i.e., a quick decay of the survival probability, followed by increasingly regular oscillations. In fact the shape of the curve follows quite closely the behavior depicted in the middle panel of Fig. 2c . This is despite the fact that details of the experiment, e.g. the excitation scheme and the Gaussian atomic density distribution, differ from the underlying theoretical model.
V. CONCLUSIONS
In this work we have studied the dynamics of a twostep protocol that consists (i) of photo-exciting Rydberg atoms from an one-dimensional ultracold gas and (ii) subsequently inducing excitonic energy transfer in the highly correlated Rydberg gas using a microwave field. In the regime of weak microwave driving we have shown that the exciton dynamics strongly depends on the spatial arrangement of the Rydberg atoms. This connection opens up the possibility of using the second step of our protocol as a diagnostic tool for mapping out the spatial structure of highly correlated Rydberg gases. In the opposite limit of strong microwave driving we have shown that the dynamics of the system is governed by the Hamiltonian of the XXZ model. This highlights the applicability of simple models to describe and understand complex experiments to investigate non-equilibrium exciton dynamics in ultracold Rydberg systems. The Monte-Carlo algorithm that we have used to obtain our numerical data relies on the generation of excitation configurations (that are compatible with the Rydberg blockade) 'on the fly'. It is composed of a preparation stage and an actual drawing stage.
Preparation stage -In the first stage we prepare two tables (c(j, k) and n(j)) that we will use to quickly generate random configurations in the second stage of our algorithm. To this end we label the N atoms from left to right with an index j and define c(j, k) to be the number of allowed configurations (compatible with the blockade) with k ≥ 0 excitations in the index range [j, N ] and zero excitations in the range [1, j − 1]. Furthermore, we define n(j) > j as the index of the first atom to the right of a Rydberg atom at position j that lies outside the blockade radius. With these definitions the following recursive relation holds for k > 1,
with initial conditions c(j, 0) = 1 and c(j, 1) = N − j + 1. This permits the calculation of the total number N of allowed configurations as well as the fraction p k of configurations with exactly k excitations, according to the formulae N = k≥0 c(1, k) and p k = c(1, k)/N . In order to illustrate the procedure, let us take N = 7 atoms spaced as in the following diagram (where the distance between two vertical bars is one blockade radius)
The corresponding values of n(j) and c(j, k) are then j n(j) Therefore, ν max = 4, N = k c(1, k) = 40.
Note that the N actual configurations are never explicitly generated (as the resources in time and memory would scale exponentially with N ), but for sake of clarity the 40 possible ones are: (14) , (15), (16) , (17), (24), (25) , (26), (27) , (35) , (36) , (37) Drawing stage -Once the c(j, k) table is ready, we can use it to randomly sample the space of allowed configurations. To this end we draw a random integer m in the range [1, N ] . In order to uniquely ascribe a specific configuration to m we use the convention that configurations are first ordered according to the number ν of excitations and then lexicographically over the indexes of excited atoms. The search is implemented first scanning the entries c(1, k) till ν is determined, then using the entries c(j, ν) to find the actual excitation positions. In C pseudo-code the algorithm reads: k=0; j=1; while (m>c(1,k)) {m-=c(1,k); ++k;} // step 1 while (k>1) { q=j; // step 2 while (m>c(n(q),k-1)) {m-=c(n(q),k-1); ++q;} mark_as_excited(q); j=n(q); --k; } if (k>0) mark_as_excited(j+m-1);
Let us see how this works in the example for m = 35: Using this procedure repeatedly, we can generate a random sequence S = {m 1 , m 2 , . . . , m K } of K allowed configuration, where each configuration is drawn with equal probability 1/N . Classical observables like the local Rydberg density n i or density-density correlations n i n j can then be determined as
